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In this work, we report the theoretical possibility of generating magnon polaron excitations
through a space-varying magnetic field. The spatial dependence of the magnetic field in the Zeeman
interaction gives rise to a magnon-phonon coupling when a magnetic field gradient is applied, and
such a coupling depends directly on the strength of the gradient. It is also predicted that the di-
rection of the magnetic field gradient allows control over which phonon polarization couples to the
magnons in the material. Here we develop the calculations of the magnon-phonon coupling for an
arbitrary (anti)ferromagnet, which are later used to numerically study its consequences. These re-
sults are compared to the ones obtained with the phenomenological magnetoelastic coupling in YIG,
where we show that the magnon polaron bandgap seen in YIG can be also obtained with a magnetic
field gradient of ∼ 0.1T/m which can be achieved with the current experimental techniques. Our
results propose a new way of controlling the magnetoelastic coupling in an arbitrary material and
open a new route to exploit the magnon-phonon interaction in magnonic and spintronic devices.
I. INTRODUCTION
In the last years, the magnetoelastic coupling has
gained much attention due to the potential applications
it offers in the field of spintronics1–3, magnonics4,5, spin
caloritronics6 and more recently, spin-mechatronics7.
The simultaneous excitation of spin and elastic waves
mediated by the magnetoelastic coupling gives rise to
the so-called magnetoelastic waves8,9, which has been a
focus of study over the past decades10–12. However, due
to recent progress in the synthesis and characterization
techniques of materials, the effects related to the mag-
netoelastic coupling have been experimentally addressed
only recently13–16.
From a quantum mechanical point of view, both spin
and elastic waves have a quantized form of their ele-
mentary excitations, namely, magnons and phonons re-
spectively. Due to their bosonic nature, both quasi-
particles obey the Bose-Einstein statistics. In the long
wave-length limit, magnons are usually charactacterized
by their quadratic dispersion relation, which posseses a
band-gap proportional to the external magnetic field and
the magnetic anisotropy17. On the other hand, phonons
have a well-known linear dispersion at low energy and,
according to the symmetry of the material, have three
distinct vibrational modes18. In absence of magnetoe-
lastic coupling, the dispersion relations of magnon and
phonon might cross at some wave-vector k∗. However,
∗ Corresponding author: nicolas.vidal@ufrontera.cl
in the presence of magnetoelastic coupling, the interac-
tion between magnons and phonons avoids the crossing
point at k∗, and instead form what is called an anti-
crossing point19–22. At this point, the interaction be-
tween magnons and phonons is maximum and the re-
lated eigenstates are a hybridization between magnons
and phonons, called magnon polarons or magnetoelastic
waves22–24.
Magnon polarons have recently been studied in the
context of transport, topological and magnetic proper-
ties of, mainly, (anti)ferromagnetic insulators. For exam-
ple, anomalies in the Spin Seebeck25 and Spin Peltier26
effect have been attributed to the presence of magnon
polarons. Local22 and non-local27,28 magnon polaron
spin transport has been also measured in YIG films.
More recently, the topological nature of magnon po-
larons has been predicted14,29–31, as well as the con-
trol of its topology29,32. Antiferromagnets also present
magnon polarons, as reported in references33,34. Par-
ticularly, non-collinearity in antiferromagnets has been
pointed out as a source of magnon polaron excitations34.
Spin pumping has been also enhanced due to the pres-
ence of magnon polarons35. Thus, in most of the ef-
fects attributed to magnon polarons, the magnitude of
its contribution depends essentially on the magnetoelas-
tic parameter, which quantifies the strength of the inter-
action. For instance, in reference 36, the non-reciprocity
of the sound velocity in the Phonon Magnetochiral ef-
fect is mediated by the cubic of a magnetoelastic con-
stant. In the same way, the magnon lifetime due to
the phonon scattering is also proportional to the mag-
netoelastic constant21,37. The enhancement of magneti-
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2zation damping by phonon pumping has been reported
to be proportional to the magnetoelastic constant too38.
In general, any physical quantity related to the action
of magnon polarons depends on a magnetoelastic pa-
rameter. Importantly, the strength and source of this
interaction are not unique: while there is an intrin-
sic anisotropy-mediated magnetoelastic coupling, here-
after phenomenological magnetoelastic coupling, which
stems from the spin-orbit coupling and dipole-dipole
interaction11,12, there are also another sources of mag-
netoelastic coupling as the dependence of the exchange
interaction on the lattice deformations19,21,37,39 or the
modulation of the Dzyaloshinskii-Moriya interaction by
shear strains14,15,36.
In this work, we study how a magnetoelastic coupling
can be induced by applying a magnetic field gradient on
a arbitrary magnetic lattice. We will show analytically
and numerically that the coupling depends directly on
the magnitude and direction of the magnetic field gradi-
ent. This will be shown to imply that the experimental
control of the magnetic field’s shape allows the tuning
of the coupling strength and the possibility of selecting
which phonon polarization couples to the magnons of the
material. The presented coupling could be applied, in
principle, to any (anti)ferromagnetic lattice with a cross-
ing point between the dispersion relations of magnons
and phonons.
The paper is organized as follows: in section II we start
our study by describing the proposal with a toy model in
a uni-dimensional system. Despite this is a pretty sim-
ple model, it will allow us to establish the role that a
magnetic field gradient plays in the stability of a given
system in the presence of an inhomogeneous magnetic
field with the same periodicity of the lattice. Once we
identify the conditions that our system must have in or-
der to be physically realizable, in sections II A and II B
we introduce the basic concepts on the quantization of
the magnetic and elastic systems in a superlattice, re-
spectively, and also explore the analytical nature of the
magnon-phonon coupling due to a magnetic field gradient
in section II C. Also, in section II D, we detail the numer-
ical algorithm we used to diagonalize the Hamiltonian of
our system. Next, in section III we apply our results to a
Magnonic Crystal, where we study the dispersion relation
of magnon polarons and highlight the main properties of
the energy bands obtained with the proposed coupling
mechanism. We also make a comparison between the
phenomenological magnetoelastic coupling and the one
we propose. Finally, in section IV, we discuss and give
some conclusions for future works.
B(r)
Figure 1. Schematic representation of the unidimensional lat-
tice with a space-varying magnetic field. The nonuniform
arrow represents a magnetic field gradient, which according
to our proposal, exerts an external force on each magnetic
dipole which deviates them from its equilibrium position so
ultimately excites simultaneously magnon and phonon modes,
generating thus magnon polaron excitations.
II. MODEL
In this section, we will describe the nature of magnons
and phonons in an arbitrary lattice, as well as their cou-
pling due to the enforcement of a magnetic field gradient
in the presence of a space-varying magnetic field. For
simplicity, we will assume a low-temperature regime such
that the magnetization’s fluctuations are weak enough
to keep the magnetic order with no thermal distur-
bance. The idea of this section is to capture the physics
behind the magnetic field gradient-mediated magnon-
phonon coupling considering an inhomogeneous magnetic
field with the same periodicity of the lattice. This will
allow us to understand the physical limitations of the
proposal, and it will also pave our way to the next sec-
tion, where we will overcome some of these limitations
by changing the spatial-periodicity of the magnetic field.
We will also consider a ferromagnetic insulator to neglect
the electronic charge.
As mentioned before, we will begin by analysing a uni-
dimensional magnetoelastic lattice with nearest neighbor
distance a0 in a space-varying magnetic field B(r) with
the same periodicity of the lattice. For this first example,
we will consider that the system is dominated by a near-
est neighbor elastic coupling, nearest-neighbor Heisen-
berg exchange and Zeeman interaction, as depicted in
Fig 1. In this way, we consider a spin chain along the
x axis and parameterize the Hamiltonian of it in terms
of the displacement ui = xi − Xi, being xi and Xi the
position and equilibrium position of the site i, respec-
tively; the phonon momentum pi, and the spin vectors
3S, meaning that the Hamiltonian reads
H =
N∑
i=1
[
pi
2
2M
+
Mω0
2
2
(
ui+1 − ui
)2
− JSi · Si+1 − µBgB(xi) · Si
]
, (1)
where J is the Heisenberg exchange constant, M is the
average mass of each site, ω0 is the natural frequency of
the elastic coupling between two neighboring sites, µB
the Bohr magneton and g the Lande´ factor.
We can expand the magnetic field around its equilib-
rium Xi up to to first order in the displacement ui, in
the displaced position xi = Xi + ui:
Bα(xi) = B
α(Xi) +
∂Bα
∂x
∣∣∣∣∣
x=Xi
ui +O(u2i ) . (2)
It must be noticed that we have assumed that the mag-
netic field gradient is weak enough to do not affect the
equilibrium position, such that Xi is independent of the
gradient. Note that a magnetoelastic coupling has been
induced, as evidenced in the linear term of the expansion
in displacement ui. This procedure will be used from now
on and it will be the base to show how a magnetic field
gradient drives an induced magnetoelastic coupling. Eq.
2 can be directly replaced on Hamiltonian 1 to obtain
H =
N∑
i=1
[
pi
2
2M
+
Mω0
2
2
(
ui+1 − ui
)2 − JSi · Si+1
− µBgB(Xi) · Si − µBguiSi · ∂B
∂x
∣∣∣∣∣
Xi
]
, (3)
where the induced magnetoelastic interaction becomes
evident in the last term of the above expression when
coupling the elastic degrees of freedom {ui} with the
magnetic ones {Si}.
Before proceeding onto studying the coupling of
magnons and phonons, it is essential to analyze the clas-
sical equilibrium of the system. This study is crucial
because a magnetic field gradient exerts a force on every
magnetic dipole, which could change the behavior of its
equilibria. To study the equilibria of Hamiltonian 1, the
spin variable will be written in term of its spherical an-
gles φi and θi and it will be assumed that the magnetic
field is given by B(x) = (Bx(x), 0, 0). The main idea is
then to write down the Hamiltonian 1 as a function of the
variables {θi, φi, ui} and after Fourier transform the re-
sulting Hamiltonian, minimize it respect to the variables
{uk, u−k, θk, θ−k}. Major details about the equilibrium
analysis at this stage can be found in the Appendix A.
Thus, it can be proven that every eigenvalue of Eq. 1 is
positive if and only if
[
SgµB
∂Bx
∂x
]2
< 4SMω0
2
[
− 2JS
+ 2JS cos(a0k)
)
+ µBgBz
]
sin2
(
ka0
2
)
. (4)
It is essential to recall that an stable equilibrium is ob-
tained if every eigenvalue of the Hessian is positive. In
this particular case, it must be noted that there exists a
value of k such that inequality 4 is not satisfied, mean-
ing that the system is not in the real ground state, and
then it is unstable. This can be understood in terms of
a net force felt by each site in the lattice. In this sense,
a magnetic field gradient acts as an external force which
ultimately accelerates the system. An accelerated system
is no longer at stable equilibrium and then the real equi-
librium state must be achieved. Eq. 4 says that for some
range of k values this new equilibrium state will never
be reached, which means that magnons and phonons at
that regime are unstable and no magnetoelastic coupling
it would be observed, as shown in Fig. A.1 of the ap-
pendix A. Thus, by choosing a magnetic field with the
same periodicity of the lattice, whatever be the magnetic
field gradient applied, the spins equilibrium position or
the magnetic ground state, the system will always show
nonequilibrium aspects and then magnon polaron exci-
tations are not allowed.
To overcome this issue and obtain stable magnon po-
larons in the entire first Brillouin zone, we are going to
study the problem of these hybridized quasiparticles in
an arbitrary lattice composed of N unit cell with a ba-
sis of m sites, which will allow us to adapt the magnetic
field to get a stable configuration. In other words, we
will adjust the magnetic field periodicity such that the
net force, that emerges from the gradient, acts now on
each cell of the system and to be identically nulled.
We will separate the study of the total Hamiltonian in
a arbitrary lattice into three partial Hamiltonians:
H = Hm +Hph +Hmp . (5)
In Hamiltonian Hm we will include the magnon terms,
which will come from the Heisenberg exchange and the
zeroth order expansion of the magnetic field in the Zee-
man term. In Hph we will consider the purely phononic
terms, which come from the kinectic energy and a elastic
potential. Hmp includes the term that couple magnons
and phonons, which will come from the first order expan-
sion in the displacement of the Zeeman energy.
4A. Magnons
Magnons are the bosonic elementary excitations of
magnetic order and they are usually interpreted as the
quanta of spin waves40. This system will be under
the influence of an anisotropic exchange interaction and
the Zeeman interaction with the external magnetic field.
With this, we have that the Hamiltonian reads
H = −1
2
∑
ii′jj′
SαijJ
jj′αβ
i−i′ S
β
i′j′ − µBg
∑
ij
B(rij) · Sij ,
(6)
where summation over repeated greek indices is implied
throughout this article and in this case α, β ∈ {xˆ, yˆ, zˆ}.
The indices i, i′ ∈ {1, 2, ..., N} and j, j′ ∈ {1, 2, ...,m}
represent the unit cells and basis sites respectively, and
i − i′ ≡ Ri −Ri′ is the distance between nearest neigh-
bors unit cells. Note that the quantities with subindices
ij should be understood as the jth element (basis site)
of the ith unit cell of the system. In the Hamiltonian we
have also included the tensor Jjj
′
i−i′ , which corresponds
to a generalized interaction between sites Sij and Si′j′
with no particular choice of a given symmetry such that
it might contain as the nearest neighbors exchange inter-
action as well as a Dzyaloshinskii-Moriya interaction.
In order to isolate the terms purely related with the
magnetic degrees of freedom from the Zeeman term, we
will proceed as in Eq. 2 and expand the magnetic field
around the equilibrium positions Ri upto first order in
their displacement ui as
Bα(rij) = B
α(Rij) +
∂Bα
∂rβ
∣∣∣∣∣
rij=Rij
uβij +O(uij2) , (7)
where we are going to keep only the first term of the
expansion and in section II C we are going to consider
the second one to obtain the magnon-phonon coupling.
We will also adopt the notation
Bαj ≡ Bα(Rij) and B′αβj ≡
∂Bα
∂rβ
∣∣∣∣∣
rij=Rij
. (8)
To obtain a quantized magnonic Hamiltonian we must
start by using the Holstein-Primakoff transformation40,
which allow us to write the the spin operators Sij in term
of bosonic operators aij and a
†
ij , which annihilates and
creates magnons, respectively. This transformation reads
Sxij ≈
√
S
2
(
a†ij + aij
)
(9a)
Syij ≈ i
√
S
2
(
a†ij − aij
)
(9b)
Szij = S − a†ijaij , (9c)
where we have already expanded upto second order in
the magnon operators as they are the only terms we will
be dealing with in this article. Furthermore, we are inter-
ested in obtaining the description of magnons in k-space,
which is obtained by employing the Fourier series, given
by
aij =
1√
N
∑
k
akje
ik·rij . (10)
Now, we can simultaneously replace equations 9 and
10 into Hamiltonian 6 to obtain the Hamiltonian for
magnons in k-space, which reads
Hm = −S
4
∑
jj′k
[
Γjj
′−
k a
†
kja
†
−kj′ + Γ¯
jj′−
k a−kjakj′ + Γ
jj′+
k a
†
kjakj′ + Γ¯
jj′+
k a−kja
†
−kj′ − 2Jjj
′zz
0
(
a†kjakj + a
†
kj′akj′
)]
+ µBg
∑
jk
Bzj a
†
kjakj , (11)
where Γjj
′±
k and Γ¯
jj′±
k are defined as
Γjj
′±
k = J
jj′xx
k ∓ iJjj
′xy
k + iJ
jj′yx
k ± Jjj
′yy
k , (12a)
Γ¯jj
′±
k = J
jj′xx
k ± iJjj
′xy
k − iJjj
′yx
k ± Jjj
′yy
k , (12b)
and
Jjj
′αβ
k =
∑
k
Jjj
′αβ
i−i′ e
ik·(rij−ri′j′ ) . (13)
The result obtained in equation 11 can be used for any
lattice with magnetic order. Eventhough, in equation 9
we have assumed that the magnetic order in equilibrium
is equal to zˆ for every site in the lattice, we can incor-
porate any periodic magnetic texture described by the
equilibriums S0(θj , φj) (for instance a skyrmion or vor-
tex lattice) by introducing a local change of coordinates
5at every site by means of rotation matrices
Rj ≡
cosφj − sinφj 0sinφj cosφj 0
0 0 1
 cos θj 0 sin θj0 1 0
− sin θj 0 cos θj
 , (14)
which can be used to redefine the anisotropic exchange
tensor as
J jj′i−i′ = RjTJjj
′
i−i′Rj′ , (15)
where we only have to use J jj′i−i′ instead of Jjj
′
i−i′ in equa-
tion 13.
B. Phonons
Analog to spin waves, elastic waves can also be quan-
tized. The elementary excitations of elastic waves are the
so-called phonons. To describe phonons in our system,
we consider that each ion with mass M at position rij
deviates from its equilibrium position Rij by a small dis-
placement uij = rij −Rij , such that the phonon Hamil-
tonian can be written as41,42
Hph =
∑
ij
pij
2
2M
+
∑
ii′jj′
1
2
uαijΦ
jj′αβ
i−i′ u
β
i′j′ , (16)
where pi is the conjugate momentum vector and the in-
dex convention is the same as used for equation 6. Addi-
tionally we have that the mechanical interaction between
two sites is described by the elastic tensor Φjj
′αβ
i−i′ , which
can be used to define
Φjj
′αβ
k =
∑
k
Φjj
′αβ
i−i′ e
ik·(rij−ri′j′ ) . (17)
It is important to note that because Φjj
′αβ
i−i′ is originally
obtained from the second-order expansion of the poten-
tial energy between sites rij and ri′j′
42, we must have
that Φjj
′αβ
k is real and symmetric, which ultimately im-
plies that it is diagonalizable as
Φµνk 
ν
kλ = φkλ
µ
kλ , (18)
where we have used the indices µ and ν as a short-hand to
represent the basis j, j′ and coordinate α, β as a single in-
dex. With the diagonalization of the problem, we obtain
λ ∈ {1, 2, ..., 3m} eigenvalues and eigenvectors. Here, the
vectors λ encode the phonon polarizations which can in
turn be used to write the operators in k-space using the
discrete Fourier transform:
uµi =
1√
N
∑
kλ
ukλ
µ
kλe
ik·rij , (19a)
pµi =
1√
N
∑
kλ
pkλ
µ
kλe
ik·rij . (19b)
Replacing equations 19a into equation 16 to obtain the
Hamiltonian in k-space yields
Hph =
∑
kλ
[
pkλp−kλ
2M
+
M
2
ωλ(k)ukλu−kλ
]
. (20)
To transform the displacement and momentum oper-
ators of Hamiltonian 20 to phonon creation and anni-
hilation operators, we will use the usual transformation
ukλ =
√
~
2Mωλ(k)
(
c†−kλ + ckλ
)
, (21a)
pkλ = i
√
~Mωλ(k)
2
(
c†−kλ − ckλ
)
, (21b)
where the operator c†kλ (ckλ) creates (annihilates) a
phonon with momentum k and polarization λ, and obey
the commutation usual commutation relations[
ckλ, c
†
k′λ′
]
= δkk′δλλ′ , (22a)[
ckλ, ck′λ′
]
=
[
c†kλ, c
†
k′λ′
]
= 0 . (22b)
Replacing the transformations 21 into Hamiltonian 20,
we obtain an already diagonalized form of the phonon
Hamiltonian.
Hph =
∑
kλ
~ωλ(k)
(
c†kλckλ +
1
2
)
, (23)
where the phonon’s dispersion relation is
ωλ(k) =
√
φkλ
M
, (24)
being φkλ the eigenvalues of the tensor Φ
jj′αβ
k . For sim-
plicity, in the numerical calculations we show in the next
section we will consider an isotropic material. Specifi-
cally, we will use sound velocities vλ reported for YIG
samples, which are incorporated to the elastic tensor by
setting its Fourier transformed equal to
Φjj
′αβ
k = V
αβ
(
2− (1 + e−i2ka0) δj,0δj′,1
− (1 + ei2ka0) δj,1δj′,0) , (25)
where
V αβ =
M
a02
v‖2 0 00 v⊥2 0
0 0 v⊥2
 . (26)
It is crucial to note this particular elastic tensor allows
us to recover the well-known phonon’s dispersion relation
in the long wave-length limit, which is given by
~ωλ(k) = vλ|k| , (27)
where v‖ corresponds to the sound velocity of the longi-
tudinal mode, while v⊥ to the transversal mode.
6C. Magnon polarons
The hybridization between magnons and phonons me-
diated by the magnetoelastic coupling forms the so-called
magnon polarons. They are the quanta of the magnetoe-
lastic waves which are a solution of the coupled set of
differential equations involving the magnetic and elas-
tic degrees of freedom19. The way we choose to obtain
the magnon polaron excitations is to quantize the total
Hamiltonian composed by the magnetic, elastic and mag-
netoelastic parts:
H = Hm +Hph +Hmp . (28)
where Hm is given by equation 11 and Hph by equa-
tion 23. To obtain the expression of the magnon-phonon
Hamiltonian Hmp we must recall that in the series ex-
pansion of the magnetic field in equation 7, the second
linear term in the displacement was kept apart and it
is the only term needed to obtain the magnon-phonon
coupling. Thus, the remaining Hamiltonian is
Hmp = −µBg
∑
ij
B′αβj S
α
iju
β
ij . (29)
where the derivative is evaluated in the equilibrium po-
sition Rj as established in Eq. 8.
To obtain the quantized form of the magnon-phonon
Hamiltonian explicitly in the k space, we must start by
using the Fourier transformation of ui given in equation
19a. Following this, we make use of the transformations
given in equations 9 and 21a and the Bloch’s theorem
over the magnonic creation and annihilation operators to
obtain the magnetoelastic Hamiltonian in second quan-
tization, which reads
Hmp =
∑
kλj
[
Λkλa−kj
(
ckλ + c
†
−kλ
)
+ h.c.
]
, (30)
with the interaction parameter Λkλ is
Λkλ = −µBg
√
~S
4Mωλ(k)
(
B′xβj − iB′yβj
)
βkλ . (31)
From equations 30 and 31 we can effectively see how a
magnon-phonon coupling emerges and that this is pro-
portional to the magnetic field gradient. Furthermore,
the magnetoelastic parameter Λkλ depends essentially on
the magnitude of the derivatives of the transverse com-
ponents of the magnetic field. More importantly, the
gradient direction couples differently with each phonon
polarization, which in this case correspond to the x, y
and z axis. This last point means that in principle, there
is complete freedom to choose which phonon and magnon
bands hybridize. Comparing with the usual phenomeno-
logical magnetoelastic Hamiltonian21,22,37 given by
HKmp =
∑
kλ
[
Γkλa−k
(
ckλ + c
†
−kλ
)
+ h.c.
]
, (32)
where
ΓKkλ =
√
~B2⊥
4SMωp(kλ)
[
ikz
x
kλ + kz
y
kλ + (ikx + ky)
z
kλ
]
,
(33)
we can see that the main difference between the cou-
pling introduced in this work and the phenomenological
one (see equations 31 and 33), is that the latter comes
from an intrinsic mechanism parametrized by the mag-
netoelastic parameter B⊥ and it directly reflects a non-
manipulative feature of a particular material. Ultimately,
this implies that there is not possibility of manipulating
the magnon polarons features as it occurs in the case
of the induced magnetoelastic coupling proposed here,
which even allows a control level to the point of manip-
ulate the strength of the coupling and choosing which
phonon polarizations are coupled to the magnon.
D. Numerical calculations
To obtain the magnon polaron bands and properly
compare the contribution of both the phenomenologi-
cal as the magnetic field gradient-induced magnetoelas-
tic coupling to the system, we perform numerical cal-
culations by employing the Colpa’s43 algorithm to para-
diagonalize Hamiltonian 28. To implement the algorithm
we need to write the Hamiltonian in its quadratic form
as
H = 1
2
∑
k
[
α†k α−k
]
Hk
[
αk α
†
−k
]T
, (34)
where αk ≡
(
ak ck1 ck2 ck3
)
and Hk is an 8×8 hermitian
matrix. Colpa’s algorithm will return us a para-unitary
matrix Tk that satisfies
T †kHkTk =
(
Ek 0
0 E−k
)
, (35)
where Ek is a 4 × 4 diagonal matrix containing the
eigenenergies. The respective eigenvectors are given by(
γk
γ†−k
)
= Tk
(
αk
α†−k
)
. (36)
III. MAGNON POLARON BANDS IN
MAGNONIC CRYSTALS
Here we numerically compute the magnon polaron
bands in a Magnonic Crystal embedded in a ferromag-
netic insulator. Specifically, we use a YIG sample whose
relevant parameters are listed in the Table 121,22,37.
7Parameter Value
S 20
M 9.8× 10−24kg
a0 12.376A˚
v‖ 7209m/s
v⊥ 3843m/s
J 0.24meV
Table 1. Values used in the numerical calculations.
As previously reported, periodicity on a magnetic sys-
tem gives rise to the so-called Magnonic Crystals44. A
Magnonic Crystal can be manufactured by means of peri-
odic modulation on the magnetic anisotropy or magnetic
fields45, periodic inclusion of non-magnetic materials46,
periodic arrays of dots47,48 or antidots49. Geometrical
modulations on the surface of a ferromagnetic film also
gives rise to a Magnonic crystal structure50. The main
feature of the Magnonic crystals is the generation of
band gaps where spin waves can not propagate, allow-
ing their manipulation for potential devices in spintronic
or magnonics. Thus, a Magnonic Crystal can be sum-
marized as a meta-material that enables the suppres-
sion and/or propagation of spin waves according to its
band structure. Phonons in a crystal also have a band
structure, so one would expect that the hybridization be-
tween them to be magnified in terms of increasing num-
ber of anti-crossing points due to the bands folding. In
fact, magnon polarons mediated by the phenomenolog-
ical magnetoelastic coupling have been recently studied
in similar structures51,52.
Here we use the arguments presented in Section II
about the stability of the system (see also the discussion
at Appendix A), which can be summarized as the ab-
sence of magnetic field gradient induced-magnon polaron
excitations when the applied magnetic field has the same
periodicity of the lattice, to explore the magnon polaron
excitations in Magnonic Crystals. Recall that the main
idea behind using Magnonic Crystals to explore the gen-
eration of magnon polarons mediated by a magnetic field
gradients is the fact that we can modulate the magnetic
field such that the force exerted by the magnetic field gra-
dient on each unit cell belonging to the Magnonic Crystal
is zero. In this way, and as proof of concept, in our nu-
merical calculations, we will use a magnetic field which
is likely not easy to experimentally to achieve but that
allows us to show how our proposal should work. A more
realistic shape of the magnetic field is not a crucial issue
in the present formalism because the main importance to
have in mind regarding the magnetic field is that it must
be in such a way that its gradient cancels the net force
on each unit cell whatever the shape it has.
Thus, in order to adjust the magnetic field to avoid the
acceleration on the system, we will use the follow shape
J
Φαβ
j = 0
a0
J
Φαβ
j = 1
J
Φαβ
Figure 2. Proof of concept of the effect that the particular
magnetic field gradient (see Eq. 37) exerts on each site of the
unit cell. It can be seen that the spin located at j = 0 is
under an opposite force than the spin located at j = 1, which
ultimately cancels the net force in the unit cell. This is the
essence behind the feasibility of our proposal.
of it
B(x, z) =
[
B′yx
qm
sin (qmx) +B
′yzz cos (qmx)
]
yˆ
+Bzzˆ , (37)
where qm = 2pi/(ma0) and m is the number of sites of
the basis (see also the related case for m = 1 depicted
in Fig. A.1). Note that B′yβ (β = x, z) corresponds to
the derivative of the y-component of the magnetic field
respect to the variable β, according to our notation pre-
scribed in Eq. 8. For this particular choice of the mag-
netic field, we can ensure that a magnetic field gradient
will not produce a net force on the unit cell as long as m
is an even number. Fig. 2 shows, with a solid blue line
the x-component (modulus) of the magnetic field gradi-
ent, as derived from Eq. 37, as a function of the distance
along the x direction. According to our proposal, from
Fig 2 it can be seen that the exerted force driven by
the magnetic field gradient on the spin located at j = 0,
points in the opposite direction than the exerted one on
the spin located at j = 1, canceling thus the net force on
the unit cell.
Fig. 3 shows the magnon polaron bands for waves
propagating along the xˆ-direction in absence of the phe-
nomenological magnetoelastic coupling in a Magnonic
Crystal embedded in a YIG sample withm = 2, for differ-
ent values of the magnetic field gradient B′yβ presented
in Eq. 37, and a constant magnetic field of Bz = 1 T
applied into the zˆ-direction. The color bar is a repre-
sentation of the amplitude of the probability of which
character has the wave function and its corresponding
eigenenergy. In this way, the green color represents essen-
tially a magnon state, while the blue color a phonon state.
The intermediate colors show how mixed are magnons
and phonons, reaching the maximum coupling at the red
color when k = k∗i , being k
∗
i the ith anti-crossing point.
Note that the whole spectrum corresponds to magnon
polaron excitations, but far from the anti-crossing point
these excitations behave like non-interacting magnons or
phonons.
Figure 3a) shows the magnon and phonon dispersions
in the first Brillouin zone with no magnetoelastic cou-
8Figure 3. Magnon polaron bands for a YIG Magnonic Crystal with wave vector k ‖ xˆ and a magnetic field B(x, y) =
(0, By(x, z), 1) T as mentioned in the main text. The number of the sites in each unit cell is set m = 2. The color bar shows the
amplitude of the probability of the magnon polaron wave function such that the green line corresponds to a quasi full magnon
band, while the blue line corresponds to a quasi full phonon one. The maximum mixture between magnons and phonons is
represented in red color. a) Magnon polaron bands for B′yx = B′yz = 0, b) for B′yx = 5 T/m and B′yz = 0, c) for B′yx = 0
and B′yz = 5 T/m; and d) B′yx = B′yz = 5 T/m. The wave vector k = kxˆ is written in units of 1/a0. The insets in the red
boxes are a zoom-in of the anti-crossing points marked with a red circle.
pling since the magnetic field gradient turns to be zero
(B′yα = 0). As expected, the magnon and phonon bands
do cross, which reflects the absence of interaction be-
tween them. Next, we turn on the magnetic field gradi-
ent along the longitudinal direction, as depicted in figure
3b), with B′yx = 5 T/m and B′yz = 0. The appearance
of distinct band gaps at the crossing points is evident
(so anti-crossing points), which manifests the coupling
between the longitudinal phonon mode with magnons
propagating along the xˆ direction. Note that none of
the transverse phonon modes couple with magnons as
pointed out in Eq. 31. Also, it can be seen that due to
the band folding effect, acoustic magnons might simulta-
neously couple with acoustic and optical phonons. Anal-
ogously, Fig 3c) shows the magnon polaron bands for a
magnetic field gradient applied into the zˆ-direction with
B′yz = 5 T/m and B′yx = 0. Similarly to the previous
case, here magnons only couple with a transverse phonon
mode and again simultaneously couple with acoustic and
optical phonons. Note that the energy band gaps ∆i
between the magnon polaron modes at k∗i are different
for the cases with the gradient applied into the xˆ and zˆ
directions, as will be shown in detail below.
Furthermore, and in order to depict the ability to con-
trol which magnon and phonon bands hybridize, Fig. 3d)
shows the system under the action of a magnetic field
gradient applied into the transverse and longitudinal di-
rections with B′yz = B′yx = 5 T/m. In this case, there is
a coupling of both distinct phonon modes with magnons
propagating along the xˆ direction since the magnetic field
is applied into two distinct spatial directions. If we would
have considered a magnetic field gradient applied into
the three spatial directions, then the degenerated trans-
verse phonon mode of YIG should be also coupled and,
consequently, obtaining two degenerated magnon polaron
bands. In the same way, for a given material with three
distinct phonon modes, a magnetic field gradient with
the three spatial components gives rise to three different
magnon polaron bands. Then, we have shown that it is
possible to choose which magnon polaron mode to excite
by only fixing the direction of the magnetic field gradi-
9ent. Remarkably, under the same conditions as above,
but considering only the phenomenological magnetoelas-
tic coupling, the ability to choose which magnon and
phonon bands interact does not exist.
To compare the contribution of this induced magne-
toelastic coupling with the usual phenomenological one,
we compute the band gap ∆i = E
MP1
k −EMP2k |k=k∗i that
separately generates each kind of coupling between the
magnon polaron bands at the ith anti-crossing point k∗i
and using the same parameters as above, i.e., a YIG
Magnonic Crystal with m = 2. Thus, in Fig. 4, we have
plotted in a log-log scale the energy gap ∆ for different
values of the magnetic field gradient B′yβ (β = x, z). As
stated above, the gap is measured at all the possible wave
vectors k = k∗ where the magnon and phonon bands
would cross in the absence of magnetoelastic coupling
and have been depicted by solid and dashed lines ac-
cording the coupled phonon mode. Specifically, the solid
lines represents coupling between magnons and trans-
verse phonon modes, whereas the dashed lines corre-
sponds to coupling between magnons and longitudinal
phonon modes. The red, blue, and green colors are used
to show in which anti-crossing point k∗i is measured the
energy band gap. Importantly, in this case, the largest
anti-crossing points are a consequence of the band folding
effect meaning that optical phonons couple with acoustic
magnons (see Fig. 3) and it can be seen that they gen-
erate the largest band gaps too. In this plot, the log-log
scale has been used to show the energy gap for a wide
range of magnetic field gradients, however, due to the
evident linear behavior of ∆i, we have also performed a
linear plot depicted at Appendix B in Fig. B.1. It is
of particular interest to find the value of B′yβ for which
each gap reproduces the gap seen in22, which is approx-
imately ∆K ≈ 2.1µeV, an aspect that has been marked
by the grey dotted lines. The importance of reproducing
such a gap by means of the current proposal relies on the
fact that most of the experimental measurements have
been accomplished in YIG samples by only considering
the Phenomenological contribution.
From Fig. 4 we can also see with solid lines that acous-
tic magnons couple with longitudinal acoustic phonons
at k∗‖1 ≈ 2.538 × 107 m−1 and k∗‖2 ≈ 9.367 × 108
m−1; whereas acoustic magnons couple transverse acous-
tic phonons at k∗⊥1 ≈ 5.077 × 107 m−1 and k∗⊥2 ≈
4.392 × 108 m−1. Similarly, Fig. 4 also shows that at
k∗‖3 ≈ 1.134 × 109 m−1 acoustic magnons and a lon-
gitudinal optical phonon mode are coupled, while at
k∗⊥3 ≈ 8.478 × 108 m−1 acoustic magnons couple with
the transverse optical phonon band. Importantly, the
gap ∆K can be reproduced with magnetic field gradi-
ents of about ∼ 0.1 T/m, that in fact can be reasonably
achieved with the current experimental techniques53–57.
Indeed, by using a magnetic microtrap, the reference58
reported gradients of up to 8000 T/m, which due to the
10−3 10−2 10−1 100
B′yβ [T/m]
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Figure 4. Energy gap for different values of the magnetic field
gradints B′yβ presented in equation 37 in the main text for
a YIG Magnonic Crystal with a basis m = 2. In solid and
dashed lines it is shown the gap between acoustic magnons
and transverse and longitudinal phonon modes, respectively.
In this specific case and due to the band folding effect, the
blue lines represent coupling between acoustic magnons and
optical phonons, while red and green lines are used to show the
couplingb between acoustic magnons and phonon modes. The
grey horizontal line represents the energy gap ∆K obtained
in the reference22.
linear behaviour of ∆ with B′αβ , it would translates into
very large ∆ values, so we predict enhancements of trans-
port properties related to the presence of magnon po-
larons when a magnetic field gradient larger than 0.1 T
is applied. Interestingly, Fig. 4 (see also Fig. B.1) also
shows that we could reach gaps of order of about 0.1 meV
with gradients of about ∼ 10 T/m. This gap is of the
same order as reported on previous works on topological
magnonics59.
IV. CONCLUSIONS
In this work, we have proposed a versatile
way to induce a magnetoelastic coupling in any
(anti)ferromagnetic material. Despite our formalism was
developed in a specific spin chain, it can be extended to
more sophisticated systems where we expect similar be-
haviors due to the generalized treatment we gave for the
total Hamiltonian. The main contribution of the present
work is the proposal of an enhancement of the magnetoe-
lastic coupling by a magnetic field gradient. The physics
behind it can be understood in terms of the force exerted
by the magnetic field gradient on each magnetic dipole
which deviates them from its equilibrium position excit-
ing thus simultaneously both phonon and magnon modes.
Importantly, the order of magnitude of the magnetic field
gradient needed to achieve measurable effects starts from
∼ 10−1 T/m in YIG, which is very well accomplished in
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standard experiments. Since a magnetic field gradient
means an external force on each magnetic dipole, an in-
finite system with the same periodicity of the magnetic
field is then accelerated and a non-hermitian Hamilto-
nian is expected when considering the zˆ-axis as ground
state, so no magnon polarons can be excited. This can
be overcome by properly adjusting the magnetic field pe-
riodicity such that the net force on each unit cell of the
system is zero. Thus, by employing our proposal in a
Magnonic Crystal, where the nature of it allows hav-
ing such features, we can avoid the imaginary parts of
the energy spectrum and real energies are obtained in
the whole Brillouin zone. Furthermore, as a highlihgted
results, the band gaps in the Magnonic Crystal can be
controlled by varying the strength and direction of the
magnetic field gradient. Note that since the formalism
demands a stable ground state in the system, which must
be accomplished canceling the net force emerged from
the gradient on the unit cell of the system, our proposal
should be very well achieved in an antiferromagnetic sys-
tem, where the nature of the unit cell would allow major
liberty on the choice of the magnetic field shape. Finally,
our proposal could open new possibilities to control the
magnon-phonon interaction with the idea of manufac-
turing efficient spintronic ans/or magnonics devices. We
claim then that this induced magnetoelastic coupling is
fully controllable by a magnetic field gradient. Since most
of magnon polaron transport properties depend on the
strength of this interaction, we predict thus an enhance-
ment of them by controlling the strength and direction
of the magnetic field gradient.
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Appendix A: Equilibrium condition in an arbitrary
lattice
To analyze the equilibria in an arbitrary lattice, let
us firstly start by analyzing the equilibrium in a system
composed of a single spin attached to a spring and cou-
pled to a inhomogeneous magnetic, whose Hamiltonian
is described by:
H = p
2
2M
+
Mω0
2
2
u2 − µBgB · S, (A1)
where we have defined the small deviation u = (x −
X0)xˆ, being X0 the equilibrium position. Classically,
the spin’s time evolution is governed by Newton’s second
law and Landau-Lifschitz-Gilbert equation. To make the
study of system’s equilibria more comfortable, the spin
variable can be written in spherical coordinates angles
θ, φ and, it can be considered the particular case where
B = (Bx(x), 0, Bz), meaning that the classical energy
E(x, θ, φ) is given by:
E(x, θ, φ) =
p2
2M
+
Mω0
2
2
u2
−µBgSBx sin(θ) cos(φ)− µBgSBz cos(θ) . (A2)
From equation A2, the equilibria of the system follow
directly from minimizing the energy. For this, it must be
imposed that ∂xE = 0, ∂θE = 0 and ∂φE = 0:
Mω0
2u− µBgS ∂B
x
∂x
sin(θ) cos(φ) = 0 (A3a)
Bx cos(θ) cos(φ)−Bz sin(θ) = 0 (A3b)
Bx sin(θ) sin(φ) = 0. (A3c)
From equation A3, it is direct to see that (u, θ, φ) =
(0, 0, 0) is a solution. Studying the Hessian at the equilib-
rium point, it is clear that this is positive definite when-
ever the following inequality complies:(
∂Bx
∂x
∣∣∣∣
u=0
)2
<
Mω20
gµBS
Bz (A4)
Thus, the point (u, θ, φ) = (0, 0, 0) is a stable equilib-
rium whenever the condition established by inequality A4
is fulfilled. The importance of analyzing the equilibrium
of Hamiltonian A1 comes from the fact that the equilib-
rium needs to be stable for it to have spin waves. This
single spin-toy model allows us to see that there exists
a magnetic field gradient from which the equilibrium is
no longer stable and no spin waves are admitted under
those conditions.
Now we go beyond this single spin model and ex-
pand our analysis of equilibrium to an extended one-
dimensional lattice with spacing a0 parameter. The sim-
plest system with both magnetic and elastic interaction
is given by:
H =
∑
i
[
pi
2
2M
+
Mω0
2
2
(ui+1 − ui)2 − JSi · Si+1
−µBgB · Si
]
,(A5)
where the unidimensional elastic interaction and Heisen-
berg exchange were considered. To further simplify the
model, the magnetic field B(x) will be assumed to be
periodic with a periodicity equal to that of the lat-
tice. Next, we expand the arbitrary magnetic field B(x)
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around the equilibrium positions Xi up to first order in
the displacement u, which leads to:
H =
∑
i
[
pi
2
2M
+
Mω0
2
2
(ui+1 − ui)2 − JSi · Si+1
−µBgB · Si − µBg ∂B
∂xµ
· Siuµ
]
,(A6)
where the positions Xi = (ia0, 0, 0) and the spin ground
state Si = (0, 0, S) were chosen as possible equilibria of
the system.
To study the actual equilibria of Hamiltonian A5,
the spin variable will be written in terms of its spher-
ical angles θi and φi and, as in the single spin case,
it will be assumed that the magnetic field is given by
B = (Bx(x), 0, Bz). With these considerations, the
Hamiltonian can be written explicitly as:
H =
∑
i
[
pi
2
2M
+
Mω0
2
2
(ui+1 − ui)2
−JS2
(
sin(θi) sin(θi+1) cos(φi) cos(φi+1)
+ sin(θi) sin(θi+1) sin(φi) sin(φi+1) + cos(θi) cos(θi+1)
)
−µBg
(
SBx(x) sin(θi) cos(φi) + SB
z cos(θi)
)]
.(A7)
Using the single spin case as inspiration, the point
(ui, θi, φi) = (0, 0, 0) is considered as possible equilib-
rium. We expand the Hamiltonian A7 to second order
around the mentioned point:
H =
∑
i
[
pi
2
2M
+
Mω0
2
2
(ui+1 − ui)2
−JS2
(
θiθi+1 − θi2 − θi+12
)
− µBgB · Si
]
. (A8)
To find the stability of the system, Fourier’s theorem
on ui and θi will be used. This will lead to a Hamiltonian
described by uk, u−k, θk and θ−k, which is given by:
H =
∑
k
[
pk
2
2M
+Mω0
2
(
1− cos(ka)
)
uku−k
−2JS2
(
1− cos(ka)
)
θkθ−k + µBgSBzθkθ−k
−µBgS ∂B
x
∂x
ukθ−k
]
. (A9)
From the Hamiltonian in k-space, it can be noted that the
Hessian is a block diagonal matrix, where each block is
4×4, formed by the variables uk, θk, u−k and θ−k. With
Figure A.1. Magnon polaron bands for a YIG sample as func-
tion of 1/a0 for B
x = 1 nT. The green color is used to denote
the probability amplitude of the eigenstate to by a magnon
and blue is used to denote any phonon mode. The grey-
dotted vertical line denotes the point when the Hamiltonian
is no longer positive definite and no physical eigenenergies are
observed below it.
this, it can be proved that every eigenvalue is positive if
and only if(
B′SgµB
)2
< 4mSω0
2
(
− 2JS(1− cos(ak))
+µBgB
z
)
sin2
(
ak
2
)
, (A10)
which is Eq. 4 of the main text. As an extra note, it
is essential to recognize that, intuitively, the proposed
equilibrium could never be stable because every site feels
the same force, thus always pushing it away from the
equilibrium obtained with a constant magnetic field. As
explained in section II D of the main text, the way we
choose to diagonalize the Hamiltonian of the system is
following the Colpa’s algorithm, which demands to write
the total Hamiltonian into its quadratic form. However,
as shown in Eq. A10, there will be some range of k
values where the diagonalization procedure breaks down
essentially because of the system is no longer stable at
the chosen equilibrium points. In order to show explicitly
such a claim, in Fig. A.1 we compute the magnon polaron
bands for a magnetic field given by
B(x, y) = Bx sin
(
2pi
a0
x
)
xˆ , (A11)
where must be noticed that B(x, y) has the same pe-
riodicity of the lattice, in the same way as assumed to
arrive to Eq. A10. Also, the magnetic field gradient
has been applied into the x-direction, it has been used
Bx = 1 nT, and the magnetic parameters were extracted
from the Table 1 for a YIG sample. Importantly, the
grey-dotted vertical line marks the point where inequal-
ity A10 stops being true. Thus, it has been proven that
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when applying a magnetic field gradient on a magnetic
field with the same periodicity of the lattice, the system
feels a net force which ultimately accelerates it and is
no longer stable. This has the consequence of magnon
polarons excitations should not be observed for this case.
Appendix B: Energy gap ∆ as a function of the
magnetic field gradient
Here we show the dependence of the energy gap ∆ as
a function of the magnetic field gradient. As depicted
in Fig. 4 of the main text, the log-log scale was used to
show a wide range of magnetic field gradient. However,
here we use a linear scale to show that the energy gap ∆
effectively varies linearly with B′yβ , as shown in Fig. B.1.
The most important aspect of Fig. B.1 is that a linear
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Figure B.1. Energy band gap ∆ as a function of the magnetic
field gradient B′yα as depicted in Fig. 4. In this case, the
linear scale has been used.
equation can directly describe it: ∆ = bB′µ (µ = α, β),
and the log-log scale is not necessary to show the linear
behavior of the energy gap but was nonetheless used to
clearly show in the same plot the value upon which the
gap in reference 22 is obtained.
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